Here we investigate an optimal harvesting problem for a nonlinear age-dependent population dynamics. Existence and uniqueness of a positive solution for the model are demonstrated. The structure of the solution is also investigated. We establish the existence of the optimal control and the convergence of a certain fractional step scheme. For some approximating problems we obtain the optimal controllers in feedback form via the dynamic programming method. ᮊ 1998 Academic Press
INTRODUCTION AND SETTING OF THE PROBLEM
We consider the following nonlinear population dynamics model, ¡p q p q a p q ⌽ P t p s yu t p, a, t g Q, Ž .
Ž . Ž . Ž . Ž . Ž . 
Ž .
The model 1 is describing the evolution of an age-structured popula-Ž . Ž . tion subject to harvesting. Namely, in 1 p a, t is the population density Ž . Ž . Ž of age a at the moment t, ␤ a and a are the vital rates and are . Ž . depending only on age , and u t is the harvesting rate. For more details concerning the biological significance of the terms in Ž . w x 1 and the meaning of the hypotheses we refer to 14, 16 . Concerning the harvesting rate u we suppose that it belongs to the following set of controllers, Here g satisfies the assumption,
Ž . Actually, plugging 2 into 1 we get the following conditions on y, X y t q ⌽ P t y t y t q u t y t p a, t s 0, a.e. a, t g Q,
so that we reduce to the following problem,
u the solution of 5 problem P is reduced to the following one on y ,
Ž . Ž . In conclusion, our study of problem P -1 can be reduced to P - We mention that the optimal harvesting problem for other age structured population with some special assumptions on the structure of the w x problem is previously studied in 7, 12, 13, 15 . Our treatment is however technically different and allows us to indicate an algorithm in order to approximate an optimal control.
A precise description of the optimal harvesting effort for periodic linear w x age-dependent population dynamics was obtained in 2 .
The article is organized as follows. Section 2 is devoted to the existence Ž . Ž . and uniqueness of the solutions for 1 and 5 , respectively. In Section 3 Ž . we obtain the existence of an optimal control for P . Section 4 concerns a Ž . fractional step scheme for problem P and finally in Section 5 we obtain the dynamic programming equations and the optimal controllers in a feedback form for some approximating problems.

THE ANALYSIS OF SYSTEM 1
This section is devoted to the study of existence, uniqueness, and Ž . positivity of solution to system 1 , assuming that u g U U is fixed.
Ž 
Consider the following problem,
Actually we have Ž . LEMMA 2.1. System 7 has an unique Caratheodory solution.
Proof. Denote by y the Caratheodory solution ofý
It is easy to prove via a Banach fixed point theorem that T T: C ª C defined by T T h s y , where y is the Caratheodory solution of
Ž . has an unique fixed point. So, we may conclude that 7 has an unique Caratheodory solution.
Let us now prove a result which gives the structure of a certain solution Ž . for 1 . 
THE EXISTENCE OF THE OPTIMAL HARVESTING EFFORT
We study here the existence of the optimal control for the optimal harvesting problem, The main result in this section is Theorem 3.1.
Ž . Ž . THEOREM 3.1. There exists at least one optimal control for P -7 .
We use as the main ingredient the following
Ž . Ž .
where y¨is the Caratheodory solution tõý
Ž . Ž Ž .¨Ž ..¨u So, the conclusion is that¨и s ⌽ P и y и and y ' y .0
Proof of Theorem 3.1. Consider now 
n By Lemma 3.2 we obtain that
Ž .
and consequently, Ž . Ž . Ž .
Ž . Ž . We may infer now that u , y is an optimal pair for P -7 .
4. AN APPROXIMATING SCHEME Ž . Ž . The main result of this section amounts to saying that problem P -7 can be approximated for ª 0 q by the following sequence of optimal control problems, Ž .
Ž . Ž . Ž . Problem P is of course much simpler than P -7 , because we have Ž .
Ž . Ž . ''split'' 7 into two simpler problems: 13 and 14 .
Here we assume in addition that w x
w For other results concerning some fractional step schemes we refer to 1,
Using an analogous argument as in the previous section it is possible to Ž . prove that P has at least one optimal pair.
We establish for the beginning the following technical result. 
Ž . From 13 we also get
Ž .
CŽw0, T x. Ž . and u an optimal control for P .
We conclude this section with the following main result
Ž . Ž . an optimal control for P -7 and in addition,
Proof. Because for any u g U U and using the previous lemma we conclude that
t u t y t dt G m t u t y t dt,
This implies that u is an optimal control for P -7 . Now, because the following convergences hold
and
Ž . we may conclude that 22 holds. Now using the convergence,
Ž . see Section 3 we obtain relation 21 .
THE DYNAMIC PROGRAMMING METHOD
Consider the following problems, 
¢ y t y s x.
23
Ž . w x Ž . Ž . Here t t, x g 0, T = 0, qϱ and s; t, x is the Caratheodory solutioń of
Ž .
However, as in the third section the existence of an optimal pair Ž Ž . Ž .. Ž . u и; t, x , y и; t, x for P follows. , t
Suppose that in addition the following assumption holds
Žwhich is fulfilled under certain additional assumptions on p ; for example, 
